Abstract. Let E be an elliptic curve over the number field Q. In 1988, Koblitz conjectured an asymptotic for the number of primes p for which the cardinality of the group of Fp-points of E is prime. However, the constant occurring in his asymptotic does not take into account that the distributions of the |E(Fp)| need not be independent modulo distinct primes. We shall describe a corrected constant. We also take the opportunity to extend the scope of the original conjecture to ask how often |E(Fp)|/t is prime for a fixed positive integer t, and to consider elliptic curves over arbitrary number fields. Several worked out examples are provided to supply numerical evidence for the new conjecture.
Introduction
Motivated by applications to elliptic curve cryptography and the heuristic methods of Hardy and Littlewood [HL23] , N. Koblitz made the following conjecture:
Conjecture 1.1 ([Kob88, Conjecture A]). Let E be a non-CM elliptic curve defined over Q with conductor N E . Assume that E is not Q-isogenous to a curve with nontrivial Q-torsion. Then |{p ≤ x prime : p ∤ N E , |E(F p )| is prime}| ∼ C E x (log x) 2 as x → ∞, where C E is an explicit positive constant.
However, the description of the constant C E in [Kob88] is not always correct (and more seriously, our corrected version of the constant is not necessarily positive). The additional phenomena that needs to be taken into account is that the divisibility conditions modulo distinct primes, unlike the more classical cases considered by Hardy and Littlewood, need not be independent. Lang and Trotter have successfully dealt with this non-independence in their conjectures [LT76] . A similar modification was required for the original constant of Artin's conjecture; see [Ste03] for a nice historical overview.
1.1. An example. As an illustration, consider the following example kindly provided by N. Jones. Let E be the elliptic curve over Q defined by the Weierstrass equation y 2 = x 3 + 9x + 18; this curve has conductor 2 4 3 4 , and is not isogenous over Q to an elliptic curve with non-trivial Q-torsion. Conjecture 1.1 predicts that |E(F p )| is prime for infinitely many primes p; however for p > 5, |E(F p )| is always composite! For a positive integer m, let ϑ m be the density of the set of primes p for which |E(F p )| is divisible by m; intuitively, we may think of this as the probability that m divides |E(F p )| for a "random" p. We can compute these ϑ m by applying the Chebotarev density theorem to the extensions Q(E[m])/Q, where Q(E [m] ) is the extension of Q generated by the coordinates of the m-torsion points of E. For our elliptic curve, we have ϑ 2 = 2/3 and ϑ 3 = 3/4. It is thus natural to expect that ϑ 6 = ϑ 2 ϑ 3 = 1/2 (i.e., that the congruences modulo 2 and 3 are independent of each other); however, one actually has ϑ 6 = 5/12. The inclusion-exclusion principle then tells us that the "probability" that |E(F p )| is relatively prime to 6 is 1 − ϑ 2 − ϑ 3 + ϑ 6 = 0.
This lack of independence is explained by the observation that Q(E[2]) and Q(E[3]) are not linearly disjoint over Q. They both contain Q(i):
• The point (x, y) = (−3, 6i) in E(Q(i)) has order 3, so Q(E[3]) contains Q(i). If p splits in Q(i) (i.e., p ≡ 1 mod 4), then (−3, 6i) will give a point in E(F p ) of order 3; hence |E(F p )| ≡ 0 mod 3.
• The points in E[2] − {0} are of the form (x, 0), where x is a root of x 3 + 9x + 18. The discriminant of this cubic is ∆ = −2 4 3 6 , so Q(E[2]) contains Q( √ ∆) = Q(i). If p > 3 is inert in Q(i) (i.e., p ≡ 3 mod 4), then ∆ is not a square modulo p and one checks that E(F p ) has exactly one point of order 2; hence |E(F p )| ≡ 0 mod 2. For p ≥ 5, we deduce that |E(F p )| is divisible by 2 or 3. Therefore |E(F p )| is prime only in the case where it equals 2 or 3 (which happens for p = 5 when |E(F 5 )| = 3).
It is now natural to ask if |E(F p )|/3 (or |E(F p )|/2) is prime for infinitely many p? Our refinement/generalization of Koblitz's conjecture predicts that the answer is yes, and we will supply numerical evidence in §6.
1.2. The refined Koblitz conjecture. Before stating our conjecture, we set some notation that will hold throughout the paper. For a number field K, denote the ring of integers of K by O K , and let Σ K be the set of non-zero prime ideals of O K . For each prime p ∈ Σ K , we have a residue field F p = O K /p whose cardinality we denote by N (p). Let Σ K (x) be the (finite) set of primes p ∈ Σ K with N (p) ≤ x.
For an elliptic curve E over K, let S E be the set of p ∈ Σ K for which E has bad reduction. For p ∈ Σ K −S E , let E(F p ) be the corresponding group of F p -points (more precisely, the F p -points of the Néron model E/O K over E/K). For a field extension L/K, we will denote by E L the corresponding base extension of E. Conjecture 1.2. Let E be an elliptic curve defined over a number field K, and let t be a positive integer. Then there is an explicit constant C E,t ≥ 0 such that
If C E,t = 0, then we define the above asymptotic to mean that P E,t (x) is bounded as a function of x (equivalently, that |E(F p )|/t is prime for only finitely many p ∈ Σ K − S E ). Our constant C E,t will be described in §2.
The expression C E,t x/(log x) 2 in Conjecture 1.2 has been used for its simplicity. The heuristics in §2.4 suggest that the expression (1.1) C E,t x t+1 1 log(u + 1) − log t du log u will be a better approximation of P E,t (x), and this is what we will use to test our conjecture. We will not study the error term of our conjecture (i.e., the difference between P E,t (x) and the expression (1.1)), though we remark that our data suggests that it could be O(x θ ) for any θ > 1/2. 1.3. Overview. In §2, we describe the constant C E,t occurring in Conjecture 1.2. We shall express the constant in terms of the Galois representations arising from the torsion points of our elliptic curve. To have a computationally useful version, we treat separately the CM and non-CM cases. In §2.4 we give a brief heuristic for our conjecture. In §3, we describe the common factor t E of all the |E(F p )|. It is of course necessary to have t E divide t for Conjecture 1.2 to be interesting. In §4, we calculate C E,1 assuming that E/Q is a Serre curve. In §5-8, we consider four specific elliptic curves.
We describe the Galois action on their torsion points, compute constants C E,t for interesting t, and then supply numerical evidence for Conjecture 1.2. In the final section, we describe some of the partial progress that has been made on Koblitz's conjecture in the last decade. Special thanks to Chantal David and Bjorn Poonen. The experimental evidence for our conjecture was computed using PARI/GP [PG08] . We also used Magma [BCP97] to check some group theoretic claims and Maple to approximate integrals. This research was supported by an NSERC postgraduate scholarship.
The constant
Throughout this section, we will fix an elliptic curve E defined over a number field K and a positive integer t. The letter ℓ will always denote a rational prime.
2.1. Description of the constant. To understand the divisibility of the numbers |E(F p )|, it is useful to recast everything in term of Galois representations. For each positive integer m, let E[m] be the group of m-torsion in E(K), where K is a fixed algebraic closure of K. The natural Galois action induces a representation
whose image we will denote by G(m).
) and ρ m (Frob p ) will denote the corresponding Frobenius conjugacy class in G(m). Note that the notation does not mention the curve E which will always be clear from context.
The group E[m] is a free Z/mZ-module of rank 2; a choice of Z/mZ-basis for E[m] determines an isomorphism Aut(E[m]) ∼ = GL 2 (Z/mZ) that is unique up to an inner automorphism of GL 2 (Z/mZ). For a prime ideal p ∈ Σ K − S E with p ∤ m, we have a congruence
For m ≥ 1, define the set
Thus for a prime p ∈ Σ K − S E with p ∤ m, we have
In particular, |E(F p )|/t is an integer if and only if ρ t (Frob p ) ⊆ G(t) ∩ Ψ t (t). Define the number
By (2.2) and the Chebotarev density theorem, δ E,t (m) is the natural density of the set of p ∈ Σ K − S E for which |E(F p )|/t is invertible modulo m/ gcd(m, t). The connection with Conjecture 1.2 is that if |E(F p )|/t is a prime number, then it is invertible modulo all integers m < |E(F p )|/t.
Definition 2.1. With notation as above, define
where the limit runs over all positive integers ordered by divisibility; this is our predicted constant for Conjecture 1.2. An equivalent definition is
We shall see in §2.2 and §2.3, that the limits of Definition 2.1 do indeed converge, and hence C E,t is well-defined. It will also be apparent that C E,t = 0 if and only if δ E,t (m) = 0 for some m; this gives the following qualitative version of our conjecture:
Conjecture 2.2. Let E be an elliptic curve over a number field K, and let t be a positive integer. There are infinitely many p ∈ Σ K for which |E(F p )|/t is prime if and only if there are no "congruence obstructions", i.e., for every m ≥ 1 there exists a prime p ∈ Σ K − S E with p ∤ m such that |E(F p )|/t is invertible modulo m.
2.2. The constant for non-CM elliptic curves. The following renowned theorem of Serre, gives the general structure of the groups G(m).
Theorem 2.3 (Serre [Ser72] ). Let E/K be an elliptic curve without complex multiplication. There is a positive integer M such that if m and n are positive integers with n relatively prime to M m, then
Proposition 2.4. Let E/K be an elliptic curve without complex multiplication, and let t be a positive integer. Let M be a positive integer such that
for all (squarefree) m (in particular, one can take M as in Theorem 2.3). Then
.
Proof. Let Q be a real number greater than tM . From the assumption of the proposition, we have
and hence δ E,t t ℓ≤Q ℓ
For any ℓ ∤ tM , we have
the eigenvalues of A are 1 and a}|
and by Lemma 2.5 below,
A easy calculation then shows that
. Substituting this into (2.3), gives
Letting Q → +∞, we deduce that the limit defining C E,t is convergent and that it has the stated value.
Lemma 2.5.
Proof. This follows easily from Table 12 .4 in [Lan02, XVIII] , which describes the conjugacy classes of GL 2 (F ℓ ).
Remark 2.6. For later reference, we record the following numerical approximation:
So to estimate C E,t , it suffices to find M and then compute δ E,t (t ℓ|tM ℓ).
2.3. The constant for CM elliptic curves. Let E be an elliptic curve over a number field K with complex multiplication, and let R = End(E K ). The ring R is an order in the imaginary quadratic field F := R ⊗ Z Q. commute, and hence we may view ρ m (Gal(K/K)) as a subgroup of (R/mR) × .
Proposition 2.7. Let E be an elliptic curve over a number field K with complex multiplication. Assume that all the endomorphisms in R = End(E K ) are defined over K. There is a positive integer M such that if m and n are positive integers with n relatively prime to M n, then
Proof. (For an overview and further references, see [Ser72,
be the ℓ-adic Tate module of E (i.e, the inverse limit of the groups E[ℓ i ] with multiplication by ℓ as transition maps). The Tate module T ℓ (E) is a free R ℓ -module of rank 1 (see the remarks at the end of §4 of [ST68]); we thus have a canonical isomorphism
The actions of Gal(K/K) and R ℓ on T ℓ (E) commute with each other (since we have assumed that all the endomorphisms of E are defined over K). Combining our representations ρ ℓ i gives a Galois representation
The theory of complex multiplication implies that the representation
has open image; our proposition is an immediate consequence.
We now describe the representation ρ in further detail (this will be useful later when we actually want to compute a suitable M ). Since the endomorphism in R are defined over K, the action of R on the Lie algebra of E gives a homomorphism R → K. This allows us to identify F with a subfield of K. By class field theory, we may view ρ ℓ as a continuous homomorphism I → R × ℓ ⊆ F × ℓ that is trivial on K × , where I is the group of ideles of K with its standard topology. For each prime ℓ,
for all ℓ and a ∈ I. The homomorphism ε is continuous and ε(x) = x for all x ∈ K × .
Since ε is continuous, there is a set
Let a be the corresponding element of I with archimedean component equal to 1. Then
Our M thus agrees with the one in the statement of the propostion. Proposition 2.8. Let E be an elliptic curve over a number field K with complex multiplication. Assume that all the endomorphisms in R = End(E K ) are defined over K. Let χ be the Kronecker character corresponding to the imaginary quadratic extension F = R ⊗ Q of Q. Let M be a positive integer as in Proposition 2.7 which is also divisible by all the primes dividing the discriminant of F or the conductor of the order R. For any positive integer t, we have
Proof. Let Q be a real number greater than tM . By Proposition 2.7, we have
Now take any ℓ ∤ tM . Under the identification Aut R/ℓR (E[ℓ]) = (R/ℓR) × , for a ∈ (RℓR) × we find that det(I − a) agrees with N (1 − a) where N is the norm map from R/ℓR to Z/ℓZ. We then have
From our assumptions on M , ℓ is unramified in F and R/ℓR = O F /ℓO F . One can then verify that
, and
An easy calculation then shows
Letting Q → +∞, we deduce that the limit defining C E,t is (conditionally) convergent and has the stated value (the convergence can be seen by a comparison with the Euler product of the L-function L(s, χ) at s = 1 which converges to a non-zero number).
2.3.1. Case where not all the endomorphisms are defined over base field. Let's now consider the case where not all the endomorphisms of E over K. Choose an embedding F ⊆ K. The endomorphisms of E are defined over KF , and KF is a quadratic extension of K. We break up the conjecture into two cases.
Primes that split in KF . Let p ∈ Σ K − S E be a prime ideal that splits in KF ; i.e., there are two distinct primes P 1 , P 2 ∈ Σ KF lying over p. The maps E(F p ) → E(F P i ) are group isomorphisms. So we have
Therefore Conjecture 1.2 implies that
as x → ∞, and the constant C E KF , t can be computed as in Proposition 2.8 (if C E KF , t = 0, then there is a congruence obstruction and the left hand side of (2.6) is indeed bounded).
Primes that are inert in KF . Let p ∈ Σ K − S E be a prime that is inert in KF ; i.e., pO KF is a prime ideal of O KF . For these primes we always have |E(
Our conjecture combined with the split case above imply that
as x → ∞ where C = C E,t − C E KF , t /2. We can also give the more intrinsic definition
is the density of the set of p ∈ Σ K for which p is inert in KF and (N (p) + 1)/t is invertible modulo m/ gcd(t, m). The asymptotics of (2.7) depends only on K and KF , and not the specific curve E; we will not consider this case any further.
2.4. Heuristics. We will now give a crude heuristic for Conjecture 1.2 (one could also give a more systematic heuristic as in [LT76] ).
The prime number theorem states the number of rational primes less than x is asymptotic to x/ log x as x → ∞. Intuitively, this means that a random natural number n is prime with probability 1/log n. This probabilistic model, called Cramér's model, is useful for making conjectures. Of course the event "n is prime" is deterministic (i.e., has probability 0 or 1).
If the primality of the integers in the sequence {|E(F p )|/t} p∈Σ K −S E were assumed to behave like random integers, then the likelihood that |E(F p )|/t is prime would be
However, the |E(F p )|/t are certainly not random integers with respect to congruences (in particular, they might not all be integers!). To salvage our model, we need to take into account these congruences. Fix a positive integer m which we will assume is divisible by t ℓ|t ℓ. For all but finitely many p, if |E(F p )|/t is prime then it is invertible modulo m. The density of p ∈ Σ K − S E for which |E(F p )|/t is an integer and invertible modulo m is δ E,t (m), while the density of the set of natural numbers that are invertible modulo m is ℓ|m (1 − 1/ℓ). By taking into account the congruences modulo m, we expect δ E,t (m)
to be a better approximation for the probability that |E(F p )|/t is prime for a "random" p ∈ Σ K −S E . Taking into account all possible congruences, our heuristics suggest that |E(F p )|/t is prime for a "random" p ∈ Σ K − S E with probability
We have already seen that this limit converges.
Using our heuristic model, the expected number of p ∈ Σ K (x) − S E such that |E(F p )|/t is prime, should then be well approximated by
The restriction of p in the above sum to those with N (p) ≥ t is included simply to ensure that each term of the sum is well-defined and positive. The integral expression follows from the prime number theorem for the field K, and is asymptotic to x/(log x) 2 . We can now conjecture that
Remark 2.9. In the setting of Conjecture 1.1 with t = 1, Koblitz assumed that the divisibility conditions were independent and hence his constant was ℓ δ E,1 (ℓ) 1 − 1/ℓ 3. Common factor of the |E(F p )| Let E be an elliptic curve over a number field K. There may be an integer greater than one which divides almost all of the |E(F p )|; this is an obvious obstruction to the primality of the values |E(F p )|. Thus it will be necessary to divide by this common factor before addressing any questions of primality. In this section we describe the common factor and explain how it arises from the global arithmetic of E.
The following well-known result says that the K-rational torsion of E injects into E(F p ) for almost all p (for a proof see [Kat81, Appendix] ). Define the finite set
The integer |E(F p )| is a K-isogeny invariant of the elliptic curve E. So for all p ∈ Σ K − S E , we find that |E(F p )| is divisible by (3.1)
where E ′ varies over all elliptic curves that are isogenous to E over K. One can also show that
From our discussion above, t E divides |E(F p )| for almost all p ∈ Σ K (in particular, Conjecture 1.2 is only interesting when t E divides t).
The following theorem of Katz shows that t E is the largest integer with this property.
Theorem 3.2 (Katz [Kat81, Theorem 2(bis)]). Let Σ be a subset of Σ K − S E with density 1. Then
There is an elliptic curve E ′ which is K-isogenous to E satisfying t E = |E ′ (K) tors |. Thus our conjecture with t = t E predicts how frequently the groups E ′ (F p )/E ′ (K) tors have prime cardinality as p varies (this was mentioned by Koblitz in the final remarks of [Kob88] as a natural way to generalize his paper). Koblitz's original conjecture was restricted to those elliptic curves over Q with t E = 1.
Remark 3.3. Using the characterization of t E from Theorem 3.2, we can also express t E in terms of our Galois representations. It is the largest integer t such that det(I − ρ t (g)) ≡ 0 mod t for all g ∈ G(t).
Serre Curves
4.1. The constant C E,1 for Serre curves. Throughout this section, we assume that E is a elliptic curve over Q without complex multiplication. For each m ≥ 1, we have defined a Galois representation ρ m : Gal(Q/Q) → Aut (E[m] ). Combining them all together, we obtain a single representation ρ : Gal(Q/Q) → Aut(E tors ) ∼ = GL 2 ( Z). A theorem of Serre [Ser72] says that that the index of G(m) in Aut(E[m]) is bounded by a constant that depends only on E; equivalently, ρ(Gal(Q/Q)) has finite index in GL 2 ( Z).
Serre has also shown that the map ρ is never surjective [Ser72, Proposition 22]. He proves this by showing that ρ(Gal(Q/Q)) lies in a specific index 2 subgroup H E of Aut(E tors ) (see §4.2 for details). Following Lang and Trotter, we make the following definition.
Definition 4.1. An elliptic curve E over Q is a Serre curve if ρ(Gal(Q/Q)) is an index 2 subgroup of Aut(E tors ).
Serre curves are thus elliptic curves over Q whose Galois action on their torsion points are as "large as possible". For examples of Serre curves, see §5 and [Ser72, §5.5]. Jones has shown that "most" elliptic curves over Q are Serre curves [Jon09]. Thus Serre curves are prevalent and we have a complete understanding of the groups G(m) (see below); thus they are worthy of special consideration. We are particularly interested in Conjecture 1.2 with t = 1.
Proposition 4.2. Let E/Q be a Serre curve. Let D be the discriminant of the number field Q( √ ∆) where ∆ is the discriminant of any Weierstrass model of E over Q. Then
. The proof of Proposition 4.2 will be given in §4.3. Combining our two descriptions of χ D , we have ε(ρ 2 (σ)) = α(det ρ d (σ)) for all σ ∈ Gal(Q/Q). Define the integer M E := lcm(d, 2), and the group
1 This is where the assumption K = Q is important which has index 2 in Aut(E[M E ]). By the above discussion, H(M E ) contains G(M E ). The index 2 subgroup H E of Aut(E tors ) mentioned earlier is just the inverse image of H(M E ) under the natural map Aut(E tors ) → Aut(E[M E ]), and E is a Serre curve if and only if ρ(Gal(Q/Q)) = H E . Proposition 4.4. Let E/Q be a Serre curve, and let m be a positive integer. If M E |m, then the group G(m) is the inverse image of H(M E ) under the natural map
Proof. This is a purely group theoretic statement which we leave to the reader. If α : (Z/dZ) × → {±1} is a primitive Dirichlet character, define the group 
Since d is odd and α is a quadratic character of conductor d, α is the Jacobi symbol
then has the same cardinality as the set
Take any element A ∈ X. Setting A 2 := A mod 2, we have det(I − A 2 ) = 1 and det(A 2 ) = 1 in Z/2Z. The only matrices in GL 2 (Z/2Z) that satisfy these conditions are: 1 1 1 0 and 0 1 1 1 . These two matrices have order 3 in GL 2 (Z/2Z), and hence ε(A 2 ) = 1. Since d is odd, H(M E ) ∩ Ψ 1 (M E ) has twice as many element as the set
For each prime ℓ|d, define the sets
Under the isomorphism GL 2 (Z/dZ) ∼ = ℓ|d GL 2 (Z/ℓZ), the set Y corresponds to the disjoint union of sets:
Therefore,
where µ is the Möbius function.
Lemma 4.5. For ℓ|d,
and |Y
Proof. We use Lemma 2.5 to compute the |Y
|{A ∈ GL 2 (F ℓ ) : the eigenvalues of A are 1 and a}|
The rest is a direct calculation.
Using (4.2), Lemma 4.5, and |H(M
we have:
Proposition 4.2 follows by combining this expression with (4.1) and noting that d = |D|.
Example:
In this section, we consider the elliptic curve E over Q defined by the Weierstrass equation y 2 = x 3 + 6x − 2. This curve is a Serre curve; for a proof, see [LT76, Part I §7].
The given Weierstrass model has discriminant ∆ = −2 6 3 5 , and hence Q( √ ∆) has discriminant −3. By Proposition 4.2 and (2.4), (5.1) C E,1 = 10
In the following table, the "expected number" of p ≤ x with p ∤ 6 such that |E(F p )| is prime is Remark 5.1. The predicted constant in [Kob88] was 9/10 · C E,1 . This would have led to a predicted value of ≈ 1310549 in the last entry of Table 1. 6. Example: y 2 = x 3 + 9x + 18 Let E be the elliptic curve over Q defined by the Weierstrass equation y 2 = x 3 + 9x + 18. The discriminant of our Weierstrass model is ∆ = −2 8 3 6 . This is the curve mentioned in §1.1. It is not isogenous over Q to a curve with nontrivial Q-torsion (in the notation of §3, t E = 1), but we have C E,1 = 0. We saw that |E(F p )| was divisible by 3 if p ≡ 1 mod 4 and divisble by 2 if p ≡ 3 mod 4. In this section we will give numerical evidence for Conjecture 1.2 with t ∈ {2, 3, 6}.
We now state, without proof, enough information about the groups G(m) so that one may compute the constants C E,2 , C E,3 and C E,6 .
• 2-torsion. We have G(2) = Aut (E[2] ).
• 4-torsion. Viewing Aut (E[2] ) as the symmetric group on E[2] − {0}, let ε : Aut(E[4]) → Aut(E[2]) → {±1} be the signature homorphism. Let χ be the non-identity character of (Z/4Z) × . Then Q( √ ∆) = Q(i) implies that G(4) is contained in the group
and this is actually an equality. We then have
The maximal abelian extension of
where α is a root of x 3 + 9x + 18. (Group theory with G(4) tells us that it is a degree six extension of Q(i). In general, one always has Q(i,
Choose a Z/3Z-basis of E[3] whose first vector is P := (−3, 6i). Then with respect to this basis, G(3) = ρ 3 (Gal(Q/Q)) is the subgroup of upper triangular matrices in GL 2 (Z/3Z).
• 9-torsion. The group G(9) is the inverse image of G(3) under the map Aut(E[9]) → Aut (E[3] ). The maximal abelian extension of Q(i) in Q(E[9]) is Q(i, ζ 9 ). Let β : G(9) → {±1} be the homomorphism for which σ(P ) = β(ρ 9 (σ))P for all σ ∈ Gal(Q/Q).
• 36-torsion. We may view G(36) as a subgroup of G(4) × G(9), where we have already described G(4) and G(9). To work out G(36), one needs to know the field
and
• • ℓ-torsion, ℓ ≥ 7. For every prime ℓ ≥ 7, we have G(ℓ) = Aut(E[ℓ]). Group theory shows that for any squarefree positive integer m relatively prime to 2 · 3 · 5, we have
• For any squarefree positive integer m relatively prime to 2 · 3 · 5, we claim that
Since G(36) and G(5) are solvable, it suffices to show that the maximal abelian extensions of
, and Q(E[m]) are pairwise linearly disjoint over Q (this is clear since the intersection of any two of these fields is an unramified extension of Q).
Take any t ∈ {2, 3, 6}. From the above description, we may apply Proposition 2.4 with M = 30 to obtain
We have δ E,t (5) = δ E,1 (5) since t is relatively prime to 5, and using our description of G(5) one can show that δ E,t (5) = δ E,1 (5) = 77/96. Hence
14 Using our description of G(36), one can show that δ E,2 (36) = 1/8, δ E,3 (36) = 5/27, and δ E,6 (36) = 1/12. We record the resulting constants in the next lemma.
Lemma 6.1. For the elliptic curve E over Q defined by y 2 = x 3 + 9x + 18, we have
In the following table, the "expected number" of p ≤ x with p ∤ 6 such that |E(F p )|/t is prime is (6.2) C E,t x t+1 1 log(u + 1) du log u rounded to the nearest integer, where C E,t is estimated using Lemma 6.1 and (2.4). Let E be the elliptic curve over Q defined by the Weierstrass equation y 2 = x 3 −x. This curve has complex multiplication by R = Z[i], where i corresponds to the endomorphism (x, y) → (−x, iy) defined over Q(i). The curve E has conductor 2 5 .
The torsion group E(Q(i)) tors has order 8 and is generated by (i, 1 − i) and (1, 0). So for those primes p that split in Q(i) (i.e., p ≡ 1 mod 4), we find that |E(F p )| is divisible by 8. In this section, we give numerical evidence for Conjecture 1.2 with t = 8. We will study it in the form given in (2.6), which conjectures that
1 log(u + 1) − log 8 du log u as x → ∞ (we have used the integral version of the conjecture since it should give a better approximation). This particular curve was studied by Iwaniec and Jiménez Urroz in [IJU06] where they proved that |{p ≤ x : p ≡ 1 mod 4, |E(F p )|/8 is a prime or a product of two primes}| ≫ x (log x) 2 using sieve theoretic methods. We now describe the constant C E Q(i) ,8 :
Lemma 7.1. Let E be the elliptic curve over Q given by y 2 = x 3 − x. Then
where χ(ℓ) = (−1) (ℓ−1)/2 . We have C E Q(i) ,8 ≈ 1.067350894.
Proof. Since E has conductor 2 5 , the curve E Q(i) has good reduction away from the prime (1 + i). For the curve E Q(i) , fix notation as in the proof of Proposition 2.7 (in particular, K = F = Q(i) and R = Z[i]). Checking the two conditions in the second half of the proof of Proposition 2.7, we find that the Proposition holds for E Q(i) with M = 2.
The discriminant of Q(i) is −4 and the conductor of the order R is 1, so by Proposition 2.8 we have
where χ is the Kronecker character of Q(i) (and hence χ(ℓ) = (−1) (ℓ−1)/2 ). To prove the required product description of C E Q(i) ,8 , it remains to show that δ E Q(i) ,8 (16) = 1/2. Consider the representation
arising from the Galois action on the Tate module T 2 (E). It is well known that ρ 2 has image equal to 1 + p 3 2 where p 2 is the prime ideal (1 + i)Z 2 [i] (for example, see [KS99, 9.4] ). In particular,
where N is the norm map from Z 2 [i] to Z 2 . We deduce that δ E Q(i) ,8 (16) is the proportion of a ∈ 1 + p 3 2 / 1 + p 8 2 for which N (1 − a) ≡ 8 mod 16; this is indeed equal to 1/2. With respect to how one estimates the constant, we simply note that
The product is now absolutely convergent and L(1, χ) = π/4 by the class number formula.
In the following table, the "Actual" column is the value of the left hand side of (7.1), while the "Expected" column is the right hand side of (7.1) with the approximation from Lemma 7.1. In this section we consider the elliptic curve E = X 0 (11) defined over Q. The modular interpretation of X 0 (11) is not important for our purposes; it suffices to know that y 2 + y = x 3 − x 2 − 10x − 20 is a minimal Weierstrass model for E/Q. The curve E has conductor 11 and hence has good reduction away from 11. By Theorem 3.2, t E divides |E(F p )| for each prime p ∤ 2 · 11; since |E(F 3 )| = 5, we deduce that t E divides 5. The rational point (x, y) = (5, 5) of E has order 5, and thus 5 divides t E . We deduce that t E = 5 and in particular that E(Q) tors is generated by (5, 5). In this section we shall test Conjecture 1.2 with t = t E = 5.
Lang and Trotter have worked out the Galois theory for this elliptic curve, and in particular have shown that Theorem 2.3 holds with M = 2 · 5 · 11 (see [LT76, Part I, §8] for full details). By Proposition 2.4, we have
We shall now describe the structure of the group G(2 · 5 2 · 11) and then compute δ E,5 (2 · 5 2 · 11).
Those not interested in this computation can skip ahead to the data.
For all ℓ = 5, we have G(ℓ) = Aut(E[ℓ]). There is a basis of E[5 2 ] over Z/25Z for which G(5 2 ) becomes the group 1 + 5a 5b 5c u : a, b, c ∈ Z/25Z, u ∈ (Z/25Z) × .
To ease computation, identify G(5 2 ) with this matrix group. Fixing a basis, we can also identify G(2) and G(11) with the full groups GL 2 (Z/2Z) and GL 2 (Z/11Z) respectively. Let ε : G(2) → {±1} be the signature map (i.e, compose any isomorphism G(2) ∼ = S 3 with the usual signature), and define the homomorphisms
5c u → a mod 5. The group F × 11 /{±1} is cyclic of order 5 with generator ±2, so it makes sense to define a homomorphism φ 5 : G(5 2 ) → F We have a natural inclusion G(2 · 5 2 · 11) ⊆ G(2) × G(5 2 ) × G(11), which gives us the following description of G(2 · 5 2 · 11):
G(2 · 5 2 · 11) = (A 2 , A 5 , A 11 ) ∈ G(2) × G(5 2 ) × G(11) : φ 5 (A 5 ) = φ 11 (A 11 ), det(A 11 ) 11 = ε(A 2 ) .
Lemma 8.1. |G(2 · 5 2 · 11)| = 19800000.
Proof. We first use the fact that ε surjects onto {±1}, and |G(2)| = 6. | GL 2 (F 11 )|/10 − (11 2 + 11) = 750 · 4 · ((11 2 − 1)(11 2 − 11)/10 − (11 2 + 11)) = 3564000.
Therefore using the previous lemma, we have δ E,5 (2 · 5 2 · 11) = |B(2 · 5 2 · 11)|/|G(2 · 5 2 · 11)| = 3564000/19800000 = 9/50.
We finally describe the constant C X 0 (11),5 from Conjecture 1.2. Lemma 8.2 and (8.1) imply that (8.2) C X 0 (11),5 = 62208 78913 ℓ 1 − ℓ 2 − ℓ − 1 (ℓ − 1) 3 (ℓ + 1) .
In the following table, the "expected number" of p ≤ x with p = 11 such that |X 0 (11)(F p )|/5 is prime is (8.3) C X 0 (11),5
x 6 1 log(u + 1) − log 5 du log u rounded to the nearest integer, where C X 0 (11),5 is estimated using (8.2) and (2.4).
Let S(x) be the set of (a, b) ∈ F(x) for which E(a, b) is a Serre curve (cf. §4). Theorem 10 of [Jon09b] implies that |C E(a,b),1 − C| k ≪ k (log x) β √ x (9.4) for some constant β > 0. The proposition follows immediately by combining (9.3) and (9.4).
